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Part 1. Model Formulation 

The packed bed model developed by Payatakes, Tien, and Turian 
(1973a, 1973b) is used as a basis for the study of particle deposition in 
deep bed filtration. The size of the particulate matters present in the sus- 
pension is assumed to be sufficiently large for Brownian motion to be 
negligible, but small enough for straining to be unimportant. The prediction 
of the rate of particle deposition is based on the one-step trajectory ap- 
proach. The collector is represented by a unit bed element of the porous 
media model and the particle trajectory equation is formulated to include 
the gravitational force, the hydrodynamic force and torque (including the 
correction for the presence of the unit cell wall), the London force (in- 
cluding the retardation effect, which is shown to be of primary importance 
under conditions usually met in deep bed filtration systems), and the 
electrokinetic force. Sample capture trajectories, including the limiting 
capture trajectories, are given. 

Based on the limiting trajectories and the assumption of uniform par- 
ticle distribution at the entrance of each unit cell, the number fractions 
(of suspended particles) impacted on each unit cell are determined and 
then used to calculate the fraction impacted on the entire unit collector 
and also the value of the filter coefficient for a clean bed. It is also shown 
how the capture trajectory calculation can be used to determine the local 
rate of deposition along the wall of a given unit cell. 

SCOPE 
The study reported in this paper represents the begin- 

ning phase of a long-range investigation whose objective 
is the development of a model for the filtration of a liquid 
suspension through a granular packed bed (or deep bed 
filtration). The recently proposed P-T-T (Payatakes, Tien, 
Turian) model for granular porous media is believed to 
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behavior of a granular filter bed, including both the his- 
tory of the effluent quality and the pressure drop increase 
during the course of filtration. As a first step of the model- 
ing work, this study is confined to the case of relatively 
clean filter bed and suspended particles with size large 
enough for Brownian motion to be insignificant, but small 
enough for straining to be negligible. 

According to current practice, the dynamic behavior of 
deep bed filtration is described by a set of phenomeno- 
logical equations involving two parameters, namely the 
filter coefficient for a clean bed ho and the pressure gradi- 
ent in a clean bed, as well as two functional expressions 
relating the change of the filter coefficient and pressure 
gradient with the extent of the particle deposition in 
the filter. The P-T-T model was used previously 
to calculate the pressure gradient in a clean bed 
(Payatakes, Tien and Turian, 1973a). In the prezent 
work a theoretical model based on the P-T-T 
porous media model is postulated, which enables the pre- 

diction of lo in terms of the system and operating varia- 
bles of the filtration process. 

The theoretical prediction of lo is based on the trajec- 
tory calculation, that is to say, the determination of the 
paths of individual suspended particles which flow 
through the filter. A similar approach has been used by 
previous investigators (Spielman and Goren, 1970; Yao 
et al., 1971; FitzPatrick, 1972; Spielman and FitzPatrick, 
1973; FitzPatrick and Spielman, 1973; Spielman and 
Cukor, 1973). However, the present study gives a more 
complete consideration of the various forces acting on the 
suspended particles, including for the first time the re- 
tardation effect on the London force. Furthermore, un- 
like the previous studies, all of which are based on single 
collector models, this study is based on a more 
realistic porous media model, and, in principle, it can be 
extended for the estimation of the functional dependence 
of the filter coefficient and pressure gradient on the 
amount of deposited matter. 

CONCLUSIONS AND SIGNIFICANCE 
The unit collector concept for the study of particle 

deposition in deep bed filtration is introduced. In the 
present case, a unit bed element of the P-T-T model is 
the unit collector. Limiting capture trajectories are ob- 
tained from the integration of the particle trajectory 
equation formulated in this work, which takes into ac- 
count the gravitational force, the hydrodynamic force 
and torque (including the correction for the presence of 
the unit cell wall), the molecular dispersion force, in- 
cluding the retardation effect, which is shown to be of 

primary importance under conditions usually encountered 
in deep bed filtration, and the double layer interaction 
force. Based on the limiting capture trajectories, the frac- 
tions impacted on each unit cell of the unit collector are 
calculated and then used to calculate the fraction im- 
pacted on the entire unit collector, as well as the filter 
coefficient for the filter bed. The method developed in 
this work also provides a means for the determination of 
the local rate of particle deposition along the wall of a 
given unit cell. 

PHENOMENOLOGICAL EQUATIONS OF DEEP 
BED FILTRATION 

The overall objective of the study reported here is the 
development of a complete mode1 for deep bed filtration. 
In order to put the present work in perspective and to 
define the problems with which theoretical studies of deep 
bed filtration have to come to terms, a brief account on 
the phenomenological description of deep bed filtration 
will be given. 

From practical considerations, the main features of the 
dynamic behavior of a deep bed filter are the history of 
the effluent quality and the pressure drop increase as 
filtration proceeds. The history of the effluent quality can 
be obtained from the integration of a system of two equa- 
tions, namely, the conservation equation and the rate 
equation. The conservation equation can be written as 
(Herzig et al., 1970) 

au 
- + u s ( $ )  aT 7 = o  

where T is the time measured from the instant at which 
the suspension first reached the position under considera- 
tion and is defined by 

where t is the time measured from the instant when the 
suspension enters the filter and E is the local porosity. 

?‘he porosity of the filter bed is a function of depth as 
well as of time, The relationship between E and the spe- 
cific deposit u is given as 

(3) 
0- 

E = q -  
(1 - E d )  

where c0 is the initial porosity of the filter bed. 
The filtration rate expression on a phenomenological 

basis has been studied extensively during the last two 
decades (Ives, 1960, 1969, 1971; Herzig et al., 1970; 
hlints, 1966; Mints et al., 1967; Nackrle et a]., 1965). 
The commonly accepted expression, based on the assump- 
tion of no reentrainment, is given as follows (see Ives, 
1960) : 

where 10 is the initial filter coefficient (that is, 1, corre- 
sponding to 5 = 0) ,  and f A  is the functional relationship 
accounting for the change of the filter coefficient due to 
the particle deposition. 

The pressure drop increase due to particle deposition 
within the filter bed is often expressed as follows: 
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where the subscript 7 = 0 refers to the situation prior to 
filtration (that is, u = 0), and fp is the functional rela- 
tionship accounting for the pressure gradient increase. The 
overall pressure drop across the filter bed at time 7 is given 
hv 
- J  

The dynamic behavior of the filter can be obtained from 
the integration of Equations ( l) ,  (4), and (6)  provided 
that ( a Y / d z )  i=~, ho( - xl) and the functional relationships 
f h ( u ;  x p )  and fp(u; x3) are known. The purpose of any 
modeling work in deep bed filtration is the prediction of 
ho, (aP/dz),=o, fh ,  and fP. The pressure gradient for a 
clean bed (dP/d~),=~ was calculated in Payatakes et al. 
(1973a). The present work is concerned with the predic- 
tion of ho. 

TRAJECTORY APPROACH IN PARTICLE DEPOSITION 

The particle deposition process occurring in deep bed 
filtration involves the transport and attachment of particu- 
late matter from the liquid suspension upon the surfaces 
of the filter grains as the suspension flows through the 
filter. In principle, the extent of filtration can be deter- 
mined by following the path of each and every particle 
of the suspension. With knowledge of the particle tra- 
jectories, and an understanding of the attachment mecha- 
nism of particulate matter to the filter grains once con- 
tact is made, one can determine the total amount of 
particulate matter retained inside the filter as well as that 
which escapes and, accordingly, the history of effluent 
quality, This is the basic idea behind the trajectory cal- 
culation in the study of the filtration process. 

It is generally assumed that for trajectory calculations, 
the packed bed can be adequately represented by a single 
geometric entity. The use of a single spherical collector in 
trajectory work (Spielman and Goren, 1970; Yao et al., 
1971; FitzPatrick, 1972; Spielman and FitzPatrick, 1973; 
FitzPatrick and Spielman, 1973; Spielman and Cukor, 
1973) is a good example. In this work, it is assumed that 
the bed can be approximated by the model recently pro- 
posed by Payatakes et al. (1973a). With the use of this 
new model, a particle trajectory can be determined from 
Newton’s law of motion based on the initial particle posi- 
tion (that is, that prior to its entry into the basic element 
of the porous medium), velocity field within the element, 
and the fields of the other relevant forces. From the tra- 
jectories and the initial particle concentration distribution, 
it is possible to calculate the fraction impacted, 70, that is, 
the number fraction of particles that enter the unit bed 
element per unit time, which come into collision with its 
surface. Due to the magnitude of the molecular dispersion 
force (this will be discussed in detail later), it can be 
assumed that each collision results in capture (at least 
during the initial period of filtration), in other words, 

that ?lo = 7o where T~ is the fraction captured initially 
in a clean bed. In the present work the fraction impacted 

q0 (as well as the fraction captured 70) are calculated tak- 
ing into account deposition on the surface of a unit bed 
element, which represents a large number of grains and 
half pores of various sizes simultaneously (Payatakes et al., 
1973a). This is a substantially more general concept than 
the definition of qo in all previous works, which is based 
on the deposition on a single grain alone. 

One can relate 70 with 10 by applving Equation (4) 
to a clean filter of thickness I ( I  is the length of 
periodicity of the P-T-T model) and requiring that the 
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reduction of relative particulate concentration is Q. The 
following expression is obtained: 

The problem of calculating ho has thus been reduced 
to the calculation of 1 and qo. 1 was calculated in Payatakes 
et al. (1973a). The estimation of 70 is the objective of the 
present work. 

PREVIOUS WORK 

Because of the space limitation, only a brief account of 
previous work is given here and a more detailed discussion 
is given in the Supplement.* 

The possibility of applying trajectory calculation to 
deep bed filtration was first mentioned by O’Melia and 
Stumm (1967), and implementation of this idea was 
given in the work of Yao (1968). Yao assumed that for 
particle deposition, the filter grains can be considered as 
a number of independent and identical spheres with a 
flow around the spheres approximated by the creeping flow 
solution around a sphere in a fluid of infinite extent. In 
Yao’s calculation, only inertial, gravitational, and hydro- 
dynamic forces were included. 

Yao’s use of the single sphere model (a single collector) 
in describing a granular filter bed is obviously oversimpli- 
fied and perhaps unrealistic. His use of the Stokesian ex- 
pression for the drag force acting on the suspended parti- 
cles also requires correction when the suspended particles 
are close to the collector surfaces. However, if the drag 
force is corrected properly, the subsequenf trajectory cal- 
culation in Yao’s formulation would lead to the paradox 
of no particle deposition. This difficulty was first recog- 
nized by Spielman and Goren (1970) and underscores 
the importance of including surface forces, such as the 
molecular dispersion force, in the trajectory calculation 
even though these forces are short-ranged. More recent 
studies ( FitzPatrick, 1972; FitzPatrick and Spielman, 
1973) employed the use of Happel’s (1958) porous media 
model for the trajectory calculation. A major difficulty in 
the use of Happel’s model is the fact that the numerical 
integration necessary for the determination of a particle 
trajectory often has to be carried out beyond the domain 
of validity of the model. It should also be mentioned that 
all these studies were confined to the case of relatively 
clean filters. Neither the single sphere nor the Happel 
model can be used to study deposition of relatively large 
particles, or the effect of particle deposition on filtration 
efficiency and pressure drop increase, which remain central 
problems in the study of deep bed filtration. 

SELECTION OF POROUS MEDIA MODEL 

While a large number of models were proposed in the 
past, most of them are not suited for particle deposition 
studies because the basic premise on which these models 
were formulated was not concerned with the deposition 
process. For example, the capillary model was found to 
give filter coefficients at least two or three orders of mag- 
nitude less than experimental values (Payatakes, 1973) ; 
Payatakes et al., 1974a) principally because of the failure 
of the model to reflect the two-dimensional flow character- 

4 Supplement has been deposited as Document No. 02444 with the 
National Auxiliary Publications Service (NAPS), c/o Microfiche Publica- 
tions, 305 E. 4 6  St., New York, N. Y. 10017 and may be obtained 
for $1.50 for microfiche or $5.00 for photocopies. 
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istics around the filter grains, which is important to the 
particle deposition. Porous media models of the single 
collector type, such as the single sphere in an infinite 
medium and the Happel (1958) model are useful for the 
modeling of deep bed filtration of small particles in a clean 
bed, but cannot be used for the modeling of filtration of 
large particles, or for the modeling of the effect of particle 
deposition on the filtration efficiency and the pressure 
gradient (Payatakes et al., 1974a). The main reason for 
these shortcomings are (1) the effect of the neighboring 
grains is entirely neglected in the case of the single 
sphere in an infinite medium model, and taken into account 
only to a certain extent and then indirectly in the case of 
Happel's model, and (2)  the very important factors of 
the shape and size of the constrictions connecting the 
pores in a packed bed are neglected. 

The P-T-T model proposed recently (Payatakes, 1973a) 
considers a packed bed as being comprised of a series of 
unit bed elements of thickness 2. Each unit bed element, 
in turn, consists of a number of unit cells geometrically 
similar but different in size connected in parallel. A unit 
cell resembles a constricted tube with its axis parallel to 
the axis of the packed bed. The P-T-T model is specifically 
formulated to incorporate a number of features such as 
the converging-diverging flow, the presence of neighbor- 
ing grains, the nonuniformity of pores, and the identifica- 
tion of flow passages, which, on physical considerations, 
are important to deep bed filtration. 

According to the present formulation, the basic collector 
unit for the deposition process is one unit bed element 
and this will be called a unit collector to distinguish it 
from the single collector concept. The major difference is 
that a unit collector of the P-T-T model is formed from a 
large number of grains and half pores simultaneously. As 
shown in Payatakes et al. (1973a), the dimensions and 
size distribution of the unit cells comprising a unit bed 
element of a given filter bed can be determined from ex- 
perimental measurements. From these data and the algo- 
rithm developed in Payatakes et al. (1973b) the flow field 
within each cell can be calculated and used for the tra- 
jectory calculation. 

SYSTEM OF COORDINATES USED FOR THE 
PARTICLE TRAJECTORY CALCULATION 

The cylindrical polar coordinates(z, r,  6) used for the 
solution of the flow through the unit cells (Payatakes et al., 
1973b) is not suitable for the trajectory studies. A new 
system of coordinates, therefore, is introduced and its rela- 
tion to the cylindrical polar coordinates is given. 

Consider a spherical particle in the vicinity of the wall 
of a unit cell of the ith type, Figure 1. Let 0 be the center 
of the particle, and let OP be normal to the wall. Let 
(x, w, y )  be Cartesian coordinates with origin at P so that 
x is tangent to the wall and lies on the plane ( z ,  r ,  O ) ,  
w is tangent to the wall and is normal to the plane 
( z ,  r,  0) , and y is normal to the wall and lies on the plane 
( z ,  r, 0) .  The new coordinate system (x, w, y) will be 
used for the description of the forces and torques acting 
on the particle, and it should be noted that it changes as 
the particle moves through the unit cell. 

The cylindrical coordinates are related to the new sys- 
tem of coordinates with origin at P through the expres- 
sions, 

x = z p  + x C O S ~ ( Z ~ )  + y sina(zp) (8) 

r = +  

(9) 

where z p  is the value of z at P,  and a is the angle formed 
by the z-axis and the tangent on the wall at point P .  It is 
given by 

(11) 
from which it follows that (a 6 0 for 1/2 =G z" 6 1 )  and 
(a 2 0 for 1 6 z' 6 3/2). Other pertinent geometric 
relationships are shown in Figure 1. 

For trajectory calculations, let l2 be the distance be- 
tween wall and particle center, measured from the wall, 
and let 5' be the arc length BP,  measured from B (Figure 
l a ) .  5' and ( 2  describe the position of the center of the 
particle in the x and y directions, and they will be the 
variables in terms of which the particle trajectory will be 
described. Given z p  (and z p Q  = zp/hi), the correspond- 
ing value of [', &= is derived from 

@ ( z * )  is given as (Payatakes et al., 197313) 

(13) 
Substituting Equation ( 13) into Equation ( 12), one has 

( 0 )  (b) 

Fig. 1. (a) Particle moving in the vicinity of the wall of a dimensional 
unit cell of the i th  type. N o t  to scale. (b) Schematic representation 
of limiting trajectory and of particle position closest to the wall 
a t  the entrance of the dimensionless unit cell (modified dimensions). 

N o t  to scale. 
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where 
6 

UP 
8 = C 2 - a p ,  8 +  =-= 52+ - 1 (29) 

1 
1 + 0.6207251, + 0.075159~~ f f s ,p  = 

FORCES AND TORQUES ACTING ON THE PARTICLE 

The particle is moving on the plane (x, y) and is also 
rotating about the axis parallel to the waxis and passing 
through its center, 0. In order to determine the trajectory 
of the particle, one has to estimate all the forces and 
torques acting on it. From classical mechanics, one has 

FG + F L ' ~ ~  + _ _ _ -  F E  + F D  + F i  = 0 

TG + T L ' ~ ~  + T E  - - - -  + T o  + TI = 0 

(17) 

(18) 
- -  

- -  
where - -  Fc, FL'et, - -  F E ,  F D  and - F z  are the gravitational, Lon- 
don, electrokinetic, drag and inertia force vectors, respec- 
tively, and TG, TL'et, TE,  TD and - Tr are the corresponding 
torques. The Brownian force has not been included; there- 
fore, the results are valid only when Brownian effects are 
negligible. This is usually true for particles with up > lp, 
(for more details see Part 11). 

The procedures involved in the estimation of the com- 
ponents of the forces and torques appearing in Equations 
(17) and (18) are very lengthy and therefore are not 
included here. A detailed description is given in the 
Supplement.* The conditions under which these calcula- 
tions are valid are also given there. The results are sum- 
marized below. 

- - -  

Fz, 1 FLxret = F E ~  = 0, 

Trx = TcX = T L ~ ~ ~ ~  = T E ~  = TD,  = 0 (19) 
4 
3 

Fcz = - r u p 3 ( p p  - p )  g COW (20) 

FDx = - 6nWp [ % f x t ( 8 + )  - $awfz ' (8 ' )  

- BiC2f1zrn(8+)  - o i < z 2 f z x m ( 8 + ) ]  (21) 
Fz, = Fcw = FLW'et = FEW = F D w  = 0, 

TI, = Tcw = T L ~ " ~  = T E ~  = 0 (22) 

T D ~  = 8 n ~ p '  Cu,gwt( 8 + ) - apawgw' (6  + ) 

+ B i % g l w m ( 8 + )  + D i a p 5 2 g z w m ( s + ) ]  (23) 

F z g  = 0, TI, = TG, = T L ~ ~ ~ ~  = TE,  TD,  = 0 (24) 

4 
3 

F G ~  = - rap3 ( p p  - p) g  sin^ (25) 

* See footnote on page 891. 
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(30) 
1.024172 0.714228 0.555262 + - = 

P P2 P 3  

The undisturbed fluid velocity inside a unit cell of the 
ith type is given by (see Supplement) 

ox = Big + Dig2, vY = - Aiy' (32) 
where the coefficients Ai, Bi ,  Di vary along the wall of 
the unit cell. Calculated values of the univcrsal functions 
appearing in the above equations are given in Tables 1 
and 2 of the Supplement. 

CALCULATION OF PARTICLE TRANSLATIONAL 
VELOCITY AND ANGULAR VELOCITY 

Calculation of ux and wW 

Substituting the x components of the force terms for 
Equations ( I ~ J ) ,  (20), and (21) into Equation (17) and 
the w components of the torque terms irom Equations 
( 2 2 )  and ( 2 8 )  into Equation (18), one obtains a system 
of two equations which can be solved for uz and ox to 
give 

I 
fx'g"1w + f"1xgw' 

- (1 + S + )  
F1 = 

f z tgw7  - fxrgwt  
, 

1 
(1 + 6 + )  

fx'grnzw + frn2xgwT 

Fz = . 
fxtgw' - fx'gwt 

, 

(35) 
gw' 

fztgw' - fz'gwt 
F3 = 

Calculated values of F1, F2, Fa, GI, G2, and G3 are given 
in Table 3 of the Supplement. 
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Calculation of uy 
Substituting the y components of the force terns from 

Equations (24) to (28) into Equation (17), one obtains 
an equation which can be solved for uY to give 

u,=--- 

been interpolated to obtain approximate analytical ex- 
pressions for F4, Fs,  and F6, Which are given in the sup- 
plement. A similar expression was developed for fun and 
is also given in the Supplement. 

Assuming creeping tiow conditions, the variables A", 
B",  and D" are the same for unit cells of all types, and 
they depend on [I* alone, where 

2 ( P P  - P ) U P %  sincr d52 - { - A&'fu" (a+ ) + 
dt fut 9P 

(49) 
5 1  a, = - = &+ - ={l+(a ,") i  
hi hi 

- 
C K ( P O 1  + pO2)  - e-K6 

A", B", and Do are also calculated in the Supplement. 
The forms of A", B", and Do are shown in Figure 3 for 
a unit cell with rl0 = r2" = 0.402, and r3" = 0.1685 
for creeping flow conditions, 

l2Trp 
+ 

-- H as,p(S;  up, h e )  } (37) 
97r*~ (S+)"2 + 8+)2 

PARTICLE TRAJECTORY EQUATION 

Using Equations (33) and (37), one obtains 

where 

(39) 

i = 1, . . . , I c  (42) 

i = 1, . . . ) I ,  (43) 

i = 1, . . . , Z c  (44) 
with 

(45) 

1 
(1 + 6+) fz'grn2w + frn*gw' 

fut (47) F5 = F2f; = 
fztgwf - fzrgwt 

Values of the universal functions F4,  F5, and F6,  based 
on the values in Table 1 and 3 of the Supplement, are 
given in Table 4 of the Supplement and are plotted in 
Figure 2. For computational purposes these values have 

SIMPLIFICATIONS FOR THE CALCULATION 
OF PARTICLE TRAJECTORIES 

Two major simplifications will be introduced to the 
trajectory equation [Equation (38) 1. They are: 

1. The flow through each unit cell is assumed to be 
creeping. For the flow rates encountered in deep bed 
filtration, this is a good approximation. In the general 
case, the P-T-T model postulates that for a given super- 
ficial velocity us the pressure differences at the ends of all 
types of unit cells belonging to the same unit bed element 
are the same, and that the flow rates through unit cells 
of different types are different. Therefore, one needs to 
determine the flow velocity through the dimensionless unit 
cell - v" for I ,  different values of However, with 
the assumption of creeping flow, the velocity vector u" 
needs be determined only for Reynolds number equal70 
zero. Furthermore, the term (vg)i/us appearing in the 
trajectory equation [Equations (42 to 44) ] is given by 

2. A modification of the geometry of the extended di- 
mensionless unit cell is made as follows: The sections 
preceding and following the unit cell are assumed to be 
straight cylindrical tubes instead of following the periodic 
nature required in the original P-T-T model of granular 

s+ 
Fig. 2. Plot  of the functions F4, F5, and Fs vs. W .  
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Fig. 3. Plot of the variables used for the description of the flow 

in the vicinity of the unit cell wall. 

beds (see Figure Ib) .  This was judged necessary because 
the particle trajectories leading to capture originate from 
the immediate vicinity of the point B (Figure 1). A 
rigorous calculation would require that the effect of the 
presence of the wall section preceding the unit cell be 
taken into account, and this is an exceedingly difEcult 
problem. Considering the fact that the regions of the 
unit cell at z' = 1/2 and z' = 2/3 (entrance and outlet) 
are the ones with minimal resemblance to the real porous 
media (see Figure l), it was decided that a modification 
which would permit the omission of the effect of the wall 
of the entrance extension is preferable. One, however, has 
to recognize the fact that this modification results in a 
somewhat different flow field within the domain of in- 
terest. This velocity field corresponds to a nonuniform 
periodically constricted tube rather than a uniform peri- 
olcally constricted tube (Payatakes et al., 1973b). 

METHOD OF INTEGRATION OF THE 
TRAJECTORY EQUATION 

A method for the integration of the particle trajectory 
equation [Equation (38)] which can be used to obtain 
not only the limiting trajectory (as previous methods), 
but also capture trajectories for any point on the wall and 
aIso the local rate of deposition on the unit cell wall is 
developed and described in the Supplement, 

SAMPLE TRAJECTORY CALCULATIONS 

A number of capture trajectories based on the data in 
Table 1 and the corresponding flow data [obtained using 
the algorithm developed in Payatakes et al. (1973b)], were 
calculated and plotted in Figure 4. These calculations 
correspond to two typical cases, one in which the double 
layer interaction force F E ~  is dominated at all separations 
by the London force FLYret (see Figure 2 in Supplement), 

and one in which FQ, dominates F L ~ ~ ~ ~  beyond a critical 
distance from the unit cell wall (Figure 3 in Supplement). 

In both cases, calculated trajectories which lead to 
capture at points on the wall of the lower half of the unit 
cell (1  < z' 4 3/2) almost coincide in the upper half of 
the cell (1/2 6 z* 4 I), which implies that most of the 
particles collected are captured by the upper half of the 
cell, It should also be noted that in both situations a 
segment of the limiting trajectory is almost parallel to the 
lower half of the unit cell wall and that in the case when 
the repulsive electrokinetic force dominates the London 
force the entire limiting trajectory is almost parallel to 
the cell wall except for the final segment, which is nearly 
normal to the wall. In the latter case, the distance of the 
limiting trajectory from the wall for any given value of 
&+ can be determined, to a very good approximation, by 
determining the value of 6+ for which the sum FEY + 
F L ~ ~ ~ ~  + FQ, + F D ,  = 0, namely, S+cr ( [ l+ )  or in other 
words, the value of S+ for which the numerator of the 
expression on the right-hand side of Equation (38) be- 
comes zero. Further simplifications can be achieved if one 
capitalizes on the fact that since the particle is moving 
parallel to the wall FD, must be very small and the fact 
that at very small separations FGy is negligibly small com- 
pared to F L ~ ~ ~ ~ .  Hence, the distance under consideration 
can be determined, approximately, by determining the 
critical value of S+ for which FEY + FLYret = 0, St,,. For 

- 

I- t -  NEGLIGIBLE FE" 

NON-NEGUGIBL~ F~ 
Y r ---- 

1 

A 

7 
Fig. 4. Capture trajectories for the conditions in Table 1. 
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TABLE 1. PARAMETER VALUES ON WHICH THE CALCULATED 
TRAJECTORIES IN FIGURE 4 ARE BASED 

Case Negligible F E ~  Non-negligible F E ~  
Parameter Value Valueu 

0.402 
0.402 
0.1685 
714p 
0.24274 cm s-1 
178 cm-2 
0.1358 cm s-1 
25.0"C 
0.99708 g cm-3 
0.008937 poise 

1.5 g cm-3 

81 
-30 mV 
-8 n1V 
2.8 x 106 cm-1 
5 x 10-13 erg 
10-5 cm 
1.934 
0.022584 
53.0952 
0.497925 
1400 
5.82836 x 10-5 
7.0028 x 10-3 
314.159 

5p 

0.3975 
0.3975 
0.1760 
720p 
0.056172 cm s-l  
180 cm-2 
0.03 cm s-l 
20.0"C 
1.0 g cn1-3 
0.010050 poise 
4.75p 
1.06 g cn1r3 

81 
-70 niV 
- 50 niV 
5.9 x lO4cm-1 
1.01 x 10-13erg 
10-5 cm 
0.402427 
9.78831 x 
34.5707 
0.945946 
28.025 
5,25115 x 
6.59722 x 10-3 
298.45 1 

0 These values correspond to a set of experimental conditions used 
by FitzPatrick (1972), except for the value of L',. 

example, in the particular case of the conditions in Table 
1, the separation value for which F E ~  + F L ~ ~ ~ ~  = 0 is Stcr  
= 2.232 x 10-3. The distance of the corresponding lim- 
iting trajectory, shown in Figure 4, from the wall at Z" 

= 1.45, 1.25, 1.0, 0.75, and 0.50 is 6+ = 2.236 x 
2.235 x 10-3, 2.232 x 10-3, 2.234 x lop3 and 2.234 
x 10-3, respectively. Accordingly, the value of S+,, can 
be used directly to calculate the location of the limiting 
trajectory in cases where ( F E ~  -t FLYret)  displays a strong 
maximum. In the event that there is more than one value 
of 6 +  for which ( F E ~  + F ~ ~ ~ e t )  becomes zero, obviously 
the smallest one is to be considered. This approximate 
approach is strictly applicable to cases with dominant 
repulsive electrokinetic forces. In physical terms, the lim- 
iting trajectory shown in Figure 4 should be interpreted 
as follows. When strong repulsive electrokinetic forces 
which dominate the attractive London force beyond a 
critical distance are present, a particle can be captured 
by the wall only if its original position is close enough to 
the wall so that there is no need for its penetration through 
the region of dominant repulsive forces for its capture. 
This leads to a very small value of ho, which is in qualita- 
tive agreement with experimental observations (Fitz- 
Patrick, 1972). However, in view of the fact that S f  
= 2.23 x l o r 3  with a,, = 4 . 7 5 ~  corresponds to a dimen- 
sional separation of 8 = 106A, one has to question, in 
this case, the validity of the assumption of a smooth wall 
and of a smooth suspended particle surface. hlaterials 
encountered in practice possess surface anomalies which 
exceed by far 100A, and, therefore, one cannot expect 
the theoretical trajectory approach to produce reliable 
predictions unless a way is devised to incorporate in the 
calculation the effect of the surface roughness. Further- 
more, one may argue that in the case of non-negligible 
repulsive double layer force, one cannot assume that 
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particles exist at the unit cell entrance at distances from 
the wall smaller than the critical one since they would 
have to overcome the potential energy barrier to reach 
such positions. In this case, the theoretical prediction is 
70 = 0 and A0 = 0. 

The strong influence exhibited by the manner of com- 
bination of the double layer force and the molecular dis- 
persion force on the value of ?lo as shown above is also 
consistent with the recent study of Spielman and Cukor 
( 1973). These authors extended tlie work of FitzPatrick 
(1972) and included the double layer force in the tra- 
jectory calculation although they also did not include 
the retardation effect (see Part I1 for magnitude of this 
effect). These authors show that collcction of particles 
can be attained by a secondary minimum. In the case of 
their model, capture by a secondary minimum is possible 
at a small distance immediately behind the rear stagna- 
tion point of the spherical collector, where a spherical 
particle can be held at equilibrium (by balancing forces 
normal to the collector wall) due to the absence of a net 
tangential force. In the framework of the model developed 
in this work, capture by a secondary minimum is not 
possible due to the different configuration of the collector 
wall. Indeed, a particle at a small distance from the wall 
of a unit cell, where it experiences a zero net force in the 
direction normal to the wall, always experiences a positive 
net tangential force that drives it to the exit of the cell. 

CALCULATION OF THE IMPACTED FRACTIONS 
AND OF THE INITIAL FILTER COEFFICIENT 

Consider a unit cell of the ith type, in dimensionless 
form, Figure lb .  The limiting trajectory of a particle with 
radius u p  meets the entrance of a unit cell of the ith type 
at a distance ( r L u )  i from the asis (point K in Figure l b ) .  
Let ( r o e ) i  be tlie radius at the entrance of the unit cell 
beyond which the center of the particle cannot go due 
to the presence of the solid wall (Figure l b )  . Of course, 
( ~ 0 " ) ~  is a function of the particle radius and can be deter- 
mined by a simple geometric calculation, (see Supple- 
ment). 

All trajectories that result in capture in a unit cell of 
the itli type originate from a position at the entrance 
which has radial coordinate larger than or equal to ( r l * ) i  

and less than or equal to ( T O " )  i. Based on this result, one 
can calculate the fraction impacted for a cell of the ith 
type, in other words, the number fraction of the particles 
which cntcr the unit ccll per unit time, that come to 
collision with the wall, provided that one knows the parti- 
cle concentration profile at the entrance. Let Ci( 1/2, r " )  
bc the volurnc fraction of the suspended particles at the 
entrance (such that Ci[ 1/2, ( r o u )  i] = 0 ) .  

It will be assumed that the volumc fraction at the 
entrance of a unit cell of the ith typc is uniform for 0 f r* 

( r o " ) i  and zero for ( r o * ) i  < r u  r2* (see Figure I b ) .  
It will, further, be assumed that the non-zero value of 
C,( 1/2, r u )  is the same for all unit cells belonging to the 
same unit hed element. This assumption of a flat con- 
centration profilc is made mainly for convenience in the 
alxcnce of more suitable information. The assumption that 
Ci( 1/2, r * )  is the same for all unit cells of the same unit 
bed element implies perfect radial mixing in the packed 
bed, an assumption which was shown to bc a valid one 
by Ison and Ivcs (1969) who demonstratcd that during 
the initial filtration period the distribution of C, in the 
axial dircction obeys the negative exponcntial law, in ac- 
cordance with the filtration rate equation, Equation (4). 
Based on that assumption one obtains 
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The fraction impacted for the entire unit collector 770 is 
given by 

i=l  
TO = (52) 

where qi is the volumetric flow rate through a unit cell 

of the ith type and qi is the flow rate through the section 
of the entrance area of a unit cell of the ith type which 
corresponds to < r' 4 r2'. According to the P-T-T 
model, it is 

- 

vSdi3 
i = 1, . ..)I, (53) qi = N,<d,.3> . -  

We also have 

Substituting Equations (53) and (54) into Equation (52) 
one obtains 

770 = 

(55) 

FRACTION IMPACTED R)R UBE 
FRAClloN IMPACTED FOR UNIT CELL 

10 OF AKRAGE SIZE 

5 .  

n 
0 

$ 1  

s 

0.5 

2"P* IJ 
Fig. 5. Plot of fraction impacted for a unit bed element and for its 

unit cell of average size. 
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For small particles we have qi << qi, and then Equation 
(52)  reduces to 

i=l 

<dC3> PO = 

RATE OF DEPOSITION AS A FUNCTION OF 
POSITION ON THE UNIT  CELL WALL 

The filtration model developed herein can also be used 
to calculate the local rate of particle deposition on any 
point of the unit cell wall. Such information is valuable 
in estimating the geometrical changes of the void space 
of the packed bed caused by the deposition of particles, 
and thus it can be used to predict the effect of the specific 
deposit on the filtration efficiency and pressure gradient. 
An example of calculated rate of deposition as a function 
of position on the unit cell wall is given in the Supplement. 
It is shown that virtually all deposition occurs on the upper 
half of the unit cell surface. 

DEPENDENCE OF voi ON THE SIZE OF THE UNIT CELL. 
SIMPLIFIED CALCULATION OF FILTER COEFFICIENT 

It can be shown (see Supplement) that the calculated 
value of qo using Equation (55) and the corresponding 
value of qoi for the average unit cell are considerably 
close. An example (corresponding to the conditions in 
Table 5 of Supplement) is given in Figure 5. A reasonable 
approximation would therefore be to calculate ko using the 
value of qoi corresponding to the unit cell of average size. 
This approximation results in a significant reduction in 
computation time, but it should not be expected to be 
valid for very large particles when up is comparable to 
the constriction radius of the smallest unit cell. 
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NOTATION 

A, 
Ai, Bt Di = variables used for the description of the un- 

disturbed flow in the immediate vicinity of the 
wall of a unit cell of the ith type, Equations (32) 

A', B', D" = dimensionless variables used for the de- 
scription of the flow in the immediate vicinity 
of the wall of the dimensionless unit cell, defined 
by Equations (42) to (44) 

At+, Bi+, Dif = dunensionless variables defined by Equa- 
tions (42) to (44) 

ai 
up = suspended particle radius 

(up+)i = -, dimensionless particle radius in a unit cell 

C 

ci (+, r* ) = volume fraction profile at the entrance of 

d, = effective constriction diameter 
d, = grain diameter 
di 
{di-l/z; i = 1, . . ., I, + 1) = constriction diameters cor- 

= cross section area of the bed 

= maximum diameter of a unit cell of the ith type 

a, 
hi 

of the ith type 
= volume fraction of suspended particles 

a unit cell of the ith type 

= constriction diameter of a unit cell of the ith type 
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responding to the set of suction values {pi-1/2; 

i = 1, . . . , I ,  + 1}, see Payatakes et al. (1973a) 
= 4.8029 x 10-10 e.s.u. charge ( 1  e.s.u. charge = 

1 cm dyne'h) , elementary electric charge, that is, 
the charge of one electron 

e 

- FD 
FE 

- FG 

- FI - FL'" = London force exerted on the suspended particle 

= drag force exerted on the suspended particle 
= electrokinetic force exerted on the suspended par- 

= gravitational force exerted on the suspended par- 

= inertia force exerted on the suspended particle 

- 
title 

title 

(corrected for the retardation effect) 

universal functions defined by Equations (35), 
(46) to (48),  respectively (see also Supple- 
ment) 

fP(a; - x 3 )  = function expressing the effect of the specific 
deposit on the pressure gradient, Equation ( 5 )  

fmlz(6+), f m 2 x ( 8 + ) ,  f z r ( 6 + ) ,  fxt(S+) = universal func- 
tions, Equation (21) (and Supplement) 

fym ( S +  ), fyt (6+ ) = universal functions, Equation (28) 
(and Supplement) 

f h ( w ;  x2) - = function expressing the dependence of h/ho on 
u, Equation (4) 

G1(S + ) , G2 ( 8  + ) , G3 (6 + ) = universal functions defined 
by Equation (36) (see also Supplement) 

g = gravitational acceleration 
gmlw(8+), g m Z w ( S + ) ,  g w T ( 8 + ) ,  gmt(6+) = universal 

H = Hamaker constant for the system particle-me- 

hi = height of a unit cell of the ith type 
I ,  = number of dfferent types of unit cells 
i =index 
i = index 
k 
L 
1 

mj 

N ,  

F1(6+), F 2 ( 6 + ) ,  F3(6+)3 F4(S+), F5(S+), F6(6+) = 

functions, Equation (23) (and Supplement) 

dium-collector 

= 1.38044 X 10-'6 erg OK-1 ,  Boltzmann constant 
= total length of the filter bed 
= length of periodicity of the bed (Payatakes et al., 

1973a) 
= concentration of the jth ionic species, number per 

cm3 
= number of constrictions per unit area of a bed 

cross section; also, number of unit cells per unit 
area of a unit bed element (see Payatakes et al., 
1973a) 

N D L  = ~ap, double layer parameter (dimensionless) 
N E I ,  N E ~  = first and second dimensionless electrokinetic 

groups defined as 

4Po1+ P 0 2 ,  and 2JIOlJIOz 
12?rpu, ( P o 1  + J1202) ' 

respectively 

N G  

N L ~  = , London parameter (dimensionless) 

(NRe)i = - Reynolds number characterizing the 

= (PP  - p)ap2g,  dimensionless gravitational group 
9PS 

97Wp2vs 

H 

flow through a unit cell of the ith type 

, superficial Reynolds number for a 
<a,>% 

( N R e ) s  = - 
Y 

packed bed 

- , retardation parameter (dimensionless) 
NRet = 2 ~ a ,  

he 

N R S  =- - - - a, , relative size group (dimension- 
<h> <do> 
less) 

= number fraction of pores, the largest constrictions 
of which have values within the interval [di-1,2, 
di+ 1/21 ;  also, by assumption, the number fraction 
of unit cells of the ith type, (see Payatakes et al., 
1973a) 

ni 

P = pressure, including hydrostatic pressure 
p = dimensionless length defined by Equation (30),  

used as argument of 
{pi-1/2; i = 1, . . ., I ,  + l }  = set of arbitrarily chosen 

values of suction partitioning the entire region of 
interest of the initial drainage curve diagram (see 
Payatakes et al., 1973a) 

Q 
qi 

qi 

= flow rate through the packed bed 
= flow rate through a unit cell of the ith type 

= flow rate through the section of the entrance area 
of a unit cell of the ith type which corresponds 
to (r0')i < r' r2'; calculated from Equation 

- 

(54) 
r = radial cylindrical coordinate 

r' = L, dimensionless radial cylindrical coordinate 

( r l ' ) i  = dimensionless radial coordinate of the point of 
entrance of the limiting trajectory in a unit cell 
of the ith type, Figure I b  

hi 

rw ( z )  = distance of the unit cell wall from its axis at z 
r w * ( z o )  = e, dimensionless distance of the unit cell 

hi 
wall from its axis at z' 

(roo ) i = dimensionless radial coordinate at the entrance 
of a unit cell of the ith type beyond which the 
center of a given particle cannot go due to the 
presence of the solid wall, Figure Ib 

= dimensionless radius of the entrance constriction 
of the extended unit cell 

= dimensionless maximum radius of the unit cell, 
Figure l b  

= dimensionless radius of the mid construction of 
the unit cell, Figure Ib 

rl' 

rZ' 

13' 

T = absolute temperature 
TD, T E ,  Tc ,  T I ,  T L ~ ~ ~  = drag torque due to electrokinetics, 

gravitational, inertial and London forces, respec- 
tively 

= time measured from the startup of the filtration 
process 

= velocity of the center of the particle relative to a 
fixed point on the unit cell wall 

- - - _ _  

t 

u 

uz, uw, uy = x, w, y components of u 

- v 

vs = superficial velocity Q/A, 
vX, vW, vY = x, w, y components of v 

(vO)~ = - = characteristic velocity for a unit cell 

of the ith type, (mean velocity at the entrance of 
the extended unit cell) 

- 

- 
= Auid velocity in the absence of suspended parti- 

cles (undisturbed fluid velocity) 

- 
Qi 

(rl'hi)' 

2, 
c v' =- , dimensionless fluid velocity vector (un- 

(00)i 
- 

disturbed) 

mal to the plane (2, r,  0) , Figure l a  

origin at (z', r", e) = (%, r2', 01, Figme l a  

w 

x 

= coordinate tangent to the unit cell wall and nor- 

= coordinate tangent to the unit cell wall with 
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nl, - - -  n2, xs = parameters vectors of xO, fi, f p ,  respectively 

y 

z = axial cylindrical coordmate 
zj 

z p  

= coordinate normal to the unit cell wall, with 
origin on the wall, Figure l a  

= valency of the jth ionic species 
= value of z at a certain point P on the unit cell 

wall (Figure l a )  

z* 

Greek Lettern 
a 

= 4, dimensionless axial cylindrical coordinate 
hi 

= angle formed by the z-axis and the tangent on 
the wall, defined by Equation (11) 

= retardation factor for London, the force between 
a sphere and a plate with semi-infinite thickness 

= pressure drop across the filter bed 
= separation between spherical particle and unit 

cell wall, defined by Equation (29) 
6 

U P  

hP 
6 

6+ = -, dimensionless separation 

= minimum dimensionless separation at which F E U  

6+=,.( 51 + ) = minimum dimensionless separation at which 

c 

€d  
€0 

6 

il, l2 = position coordinates used in trajectory calculation, 

[lo, 52‘ = defined as - and -, respectively 

51 +, &+ = defined as - and -, respectively 

~ B M O  = fraction impacted due to Brownian motion alone 

+ FL,ret  = 0 - 
F E ,  + F L ~ ~ ~ ~  + FG, + FD,  = 0, for a given 

= macroscopic porosity of the bed 
= porosity of deposited matter 
= macroscopic porosity of the clean bed 

= dielectric constant of liquid medium 

51 52 

hi hi 
51 12 

UP UP 

- 
see Figure l a  

= fraction impacted due to gravitational, hydrody- 
namic, electrokinetic, London, as well as Brown- 
ian forces 

=particle number fraction impacted on a clean 
unit bed element 

= fraction impacted in a unit cell of the ith type 

= particle number fraction collected by a clean unit 

7 0  

t)oi 

7 0  

B = angular cylindrical coordinate 
K 

A = filter coefficient 
A, 

A 

bed element 

= double layer reciprocal thickness, Equation (31) 

= wave length of electron oscillation 
1 1 =- In (-) filter coefficient for a clean 

bed taking into account gravitational, hydrody- 
namic, electrokinetic, London, as well as Brown- 
ian forces 

A0 
p = dynamic viscosity 
Y = kinematic viscosity 
p = density of liquid 
p p  = suspended particle density 
u = specific deposit (volume of deposited matter per 

unit bed volume) 
T = time measured from the moment at which the 

suspension first reached the bed position under 
consideration 

1 1 - 731.0 

= filter coefficient for a clean bed 

@ ( z ’ )  = function defined by Equation (13) 
@P 
@O 

r # ~ ~  

= quantity defined by Equation (15) 
= quantity defined by Equation ( 16) 
= shape factor of the grains composing the packed 

bed 

+ = stream function 
$01, $02 = surface potential of suspended particle and 

grain, respectively; (the surface potential is ap- 
proximately equal to the zeta potential, and for 
this reason the value of the latter, which can be 
determined experimentally, is usually used) 

JI 
hi2(uo)i 

cle 

JI” 

ow 

= - = dimensionless stream function 

= angular velocity of suspended (spherical) parti- 

Subscripts 

w 
x 
y 

= component in the w direction 
= component in the x direction 
= component in the y direction 
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Part II. Case Study of the Effect of the Dimensionless Groups and 

Comparison with Experimental Data 

A case study is made to determine the dependence of the deep bed 
filtration rate (expressed in terms of the fraction of suspended particles 
impacted) on the eight dimensionless parameters, which are found to be 
relevant in the filtration process, based on the trajectory calculation 
method developed in Part I of this series. In addition, comparisons between 
results based on the theoretical model of this work and available experi- 
mental data are made. Comparisons are also made with some of FitzPatrick‘s 
theoretical results. The results of this study demonstrate clearly the com- 
plex and interactive nature of the relation between the various parameters 
and the efficiency of filtration. Accordingly, the conventional format of 
correlating experimental data, which equates the filter coefficient with a 
product of the pertinent dimensionless groups, each raised to an empirical 
exponent, will not be adequate in providing a generalized correlation of 
experimental filtration data. 

SCOPE 
The use of dimensional analysis for correlating deep bed 

filtration data was made rather recently by Ison and Ives 
(1969) in an attempt to establish the dependence of the 
initial filter coefficient on a few of the dimensionless 
parameters pertinent to deep bed filtration. More re- 
cently FitzPatrick (1972) proposed a theoretical model 
of deep bed filtration, based on which he calculated the 
dependence of the initial filter coefficient on some of 
the dimensionless groups appearing in his mathematical 
formulation. 

In  this part of this series, the theoretical model of deep 
bed filtration and the method for its solution developed 

in Part I are used to make a more complete study of the 
dependence of the fraction impacted on the dimensionless 
parameters appearing in the mathematical formulation. 
Apart from the fact that the porous media model used 
in the present study (P-T-T model) is more realistic than 
models used by previous investigators, the present study 
is also more complete since it includes the retardation 
effect on the molecular dispersion force. 

This study concludes with comparisons between theo- 
retical results and experimental data, as well as compari- 
sons with some of FitzPatrick‘s theoretical results. 

CONCLUSIONS AND SIGNIFICANCE 
The dependence of the fraction (of suspended particles) 

impacted, 70, on each of the dimensionless groups appear- 
ing in the trajectory equation is determined in a case 
study. It is found that when the molecular dispersion 
force dominates the double layer interaction force at all 
separations the effect of the latter is negligible, but a 
sharp drop of 7 0  (or of the initial filter coefficient, 10) in 
excess of three orders of magnitude is observed for any 
change of the parameters that leads to a situation in which 
a repulsive double layer interaction force becomes suffici- 
ently larger in magnitude than the attractive molecular 

dispersion force at separations larger than a critical one. 
Such situations may take place through a combination of 
several factors. The dependence of ?lo, (or 1,) on the vari- 
ous dimensionless groups is such that the quantity 
io<d,> cannot be expressed as a product of the 
powers of the various dimensionless groups over extended 
ranges of these groups, and the simple product expres- 
sion suggested by Ison and Ives (1969) has only limited 
validity over small ranges of the dimensionless groups. 
For studies over wide ranges of the group values, the 
designer has to resort to additional experimentation or to 
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